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Abstract 

We consider an initial boundary value problem for a quantum version 
of the Zakharov system arising in plasma physics. We prove the global 
well-posedness of this problem in some Sobolev type classes and study 
properties of solutions. This result confirms the conclusion recently made 
in physical literature concerning the absence of collapse in the quantum 
Langmuir waves. In the dissipative case the existence of a finite dimen- 
sional global attractor is established and regularity properties of this at- 
tractor are studied. For this we use the recently developed method of 
quasi-stability estimates. In the case when external loads are C°° func- 
tions we show that every trajectory from the attractor is C°° both in 
time and spatial variables. This can be interpret as the absence of sharp 
coherent structures in the limiting dynamics. 

Keywords: Quantum Zakharov equation, well-posedness, global attrac- 
tor, finite fractal dimension 
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Introduction 

In a bounded domain il C W\ d < 3, we consider the following system 
ntt - A (71 + + /i^A^Ti + ant = /(x), x e r2, t > 0, 

iEt + AE- h'^A'^E + ijE - nE ^ g{x), x e n, t > 0. 



(0.1) 



Here E{x,t) is a complex function and n{x,t) is a real one, h > 0, a > and 
7 > are parameters and /(x), g{x) are given (real and complex) functions. 

This system in dimension d — 1 was obtained in [10], by use of a quan- 
tum fluid approach, to model the nonlinear interaction between quantum Lang- 
muir waves and quantum ion-acoustic waves in an electron-ion dense quantum 
plasma. Later a vector 3D version of equations (0.1) was suggested in [15]. In 
dimension d = 2,3 the system in (0.1) is also known (see, e.g., [22] and the 
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references therein) as a simplified "scalar model" which is in a good agreement 
with the vector model derived in [15] (see a discussion in [22]). The quantum 
parameter h in (0.1) is proportional to the Plank constant and expresses the 
ratio between the ion plasmon energy and the electron thermal energy. In the 
case when /i = we arrive to the classical (non-quantum) Zakharov system 
which was introduced in [25] (also with a = 7 = 0, f{x) = 0, ^'(a:;) = 0) for the 
description of wave phenomena in plasma. This classical model was studied by 
many authors. For well-posedness issues in the non-dissipative case ( a = 7 = 0) 
for n = K'' with d < 3 we refer [2, 3, 12, 13] and to the literature cited there. In 
a bounded domain with d = 1,2 well-posdeness and long-time dynamics were 
studied in [8, 9, 14, 20]. 

Our main goal in this paper is to study well-posedness and long-time issues 
for the model in (0.1). Presence of the biharmonic operators in (0.1) provides 
additional a priori estimates and makes it possible to study the model in all 
dimensions d < 3 in a unified way. For the sake of some simplification we 
consider problem (0.1) with the following boundary conditions 

n{x, t) = An{x, t) = 0, E{x, t) = AE{x, t)=0 for a; e dn, t > 0. (0.2) 

We can also consider other types of boundary conditions related with the bi- 
harmonic operator such as Dirichlct, Neumann or periodic (if the domain is 
rectangle) or else their combination. Moreover, instead of the scalar amplitude 
E{x, t) we can take a complex vector {Ei {x,t);...; E(i{x, t)) satisfying the cor- 
responding (vector) Schrodinger equation. This model describes the so-called 
electrostatic limit of the original vector model (see the discussion in [22]). To 
avoid extra technicalities we do not pursue these generalizations in this paper. 

In this paper we prove (sec Theorem 1.2) that the Cauchy problem for (0.1) 
equipped with the boundary conditions in (0.2) has a unique weak solution for 
initial data {n\;no;Eo) from the natural phase space. To prove the existence 
of the solutions we use Galcrkin approximations and the standard compactness 
method. We also show that these solutions satisfy some energy type relations 
and study their regularity properties. In particular we prove the Lipschitz con- 
tinuous dependence of solutions on initial data and show that these solutions 
generate a continuous semiflow St. This global well-posedness result confirms 
the physically motivated conclusion recently made in [15] and [22] concerning 
the absence of collapse in the quantum Langmuir waves. 

In the dissipative case (a > 0, 7 > 0) we study long-time behaviour of the 
semiflow St generated by weak solutions and prove the existence of a compact 
global attractor. This attractor has finite fractal dimension and attracts smooth 
(semi-strong) solutions in a stronger topology. We also show that all trajectories 
from the attractor are C°° in time variable. Moreover, if the external forces 
/ and g are C°° functions, then elements from the attractor are also C°° in 
the spatial variables. This can be interpret as the absence of sharp coherent 
structures in the long-time limit. To prove these results (see Thorem 1.3) we 
use a combination of the traditional approach (see, e.g., [1, 4, 16, 23]) with the 
recently developed method [5, 6, 7] based on quasi-stability properties of the 
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system. To study regularity of solutions on the attractor we also use some ideas 
from [11]. 

The paper is organized as follows. In Section 1 we state and discuss our 

main results on wcU-posedness (Theorem 1.2) and on long lime dynamics (The- 
orem 1.3). Sections 2 and 3 are devoted to the proof of Theorem 1.2 and 
Theorem 1.3 respectively. 

1 Statements of the main results 

Let O c M*^ be a smooth bounded domain, d < 3, and H^{fl) be L2 based 
Sobolev space, s G R. We also denote by i?o(^) the completion of Co°(f2) in 
H^{p,). Let A be the minus Dirichlet Laplace operator: 

Au = -Au for any u e ^{A) = {H^ n Hl){n). 

The operator ^4 is a self-adjoint positive operator in iJ = 1/2 (^^) and has a 
compact inverse. The latter implies the existence of an orthonormal basis {cfc} 
in H consisting of eigenfunctions of A: 

Aek = Xk^k, < Ai < A2 < . . . , lim Afe = 00. 

/c— f 00 

We define the Sobolev type spaces by the formula Hg = Ql^A'^l'^) with 
the graph norm || • ||^ = \A^I'^ ■ || for s > 0. If s < 0, then = [H_^]' 
is the completion oi Hq = H = L2{^) with respect to || • ||s = • ||. 

From interpolation (see, e.g., [17]) we have that (a) Hg C H^{rt) for s > 0, 
(b) H, = {H' n H^)in) for s € [1,2], s ^ 3/2, and (c) H, = {HS){ft) for 
se [0,1], 

We mention that we deal with both real and complex versions of the spaces 
Hg. We keep notation Hg for real case and denote by Hg its complexification. 
For norms and inner products we use the same notations. 

We recall (see, e.g., [24]) for further use the following Sobolev embeddings: 

H'{n) C Lp{n) with s = d(l--) , p>2, and H'{n) c C(f2) for s > ^. 

\ 2 pj 2 

(1.1) 

In particular, since d <3, both spaces H2 and H2 are Banach algebras. 

We also introduce the (phase) space H = H x H2 x H2 endowed with the 
norm 

\\{m;no;Eo\\l = \\n^f + \\no\\l + \\Eo\\l (1.2) 

Now we rewrite problem (0.1) with the boundary conditions in (0.2) in the 
following form: 

ntt+A{n+\Ef)+h''A^n + ant = f, (1.3) 
iEt - AE - h^A^E -nE + i-fE = g. (1.4) 
We equip equations (1.3) and (1.4) with initial data 

nt|t=o = no, n|t=o = ni, E\t=o = Eq. (1.5) 
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Below wc assume that (i) h > 0, (ii) a, 7 > 0, (iii) the real f{x) and the complex 
g{x) functions are given from L2(f^)- 

We understand solutions to problem (1.3)-(1.5) in the sense of the following 
definition. 

Definition 1.1 A pair {n;E) is said to be a weak solution to problem (1.3)- 
(1.5) on an interval [0,T] iff 

{nt; n; E) € {%T]- H x H2 x H2) , 

and (i) relations (1.3) and (1.4) are satisfied in the sense of distributions, (ii) 
initial data (1.5) hold. 

Since by (1.1) nE G ^2 and \E\'^ € H2 for E GH2 and n € H2, it follows from 
(1.3) and (1.4) that 

ntt€L^{[0,T];H_2) and Et G {[0,T];H_2) (1-6) 

for any weak solution {n;E). In particular, this means that any weak solution 
{n;E) satisfies (1.3) and (1.4) for almost all t G [0,T] as equalities in iJ_2 and 
H-2- Moreover, by Lions' lemma (see [17, Lemma 8.1]) the triple {nt;n;E) is 
a weakly continuous function with values in H x H2 x H2 and hence 

{nt;n;Et;E)eC{[0,T];H_„xH2-aXH_2-aXH2-a), Va > 0. (1.7) 

Our first result is the following well-posedness theorem for weak solutions to 
problem (1.3)-(1.5). 

Theorem 1.2 Let 01,7 > and h > 0. Assume that {ni;no;Eo) £ H, f G H 
and g G H. Then problem (1.3) (1.5) on every interval [0,T] has a unique weak 
solution. This solution possesses the property 

{nt; n; Ef, E) G C ([0, T]; H x H2 xH_2 x H2) (1.8) 

and satisfies the relations 

\\E{t)\\ < ||£o||e-^* + e^{t) ■ \\g\\ for any t > 0, (1.9) 

where ej{t) = 7"^ (1 — e~''*) in the case 7 > and ej{t) =t 2/7 = 0. 
We also have that 

(1) There exists a constant Ct,r > such that for any couple of initial data 
= {n\;nQ;E^) gH, i = 1,2, with the property 11^11^ < R we have the 

relation 

\\Y\t)-Y\t)\\H<CTAy^-y^\\n, tG%T], (1.10) 

where Y^{t) = {n\{t);n'^{t)] E^{t)) is the solution which corresponds to the 
initial data = {n\;nQ;EQ). The norm \\ ■ \\-h is given by (1.2). 
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(2) For any t G [0, T] we have the following energy balance relation 

Vo{nt{t),n{t)) + Vi{n{t),E{t))+ [ {a\\nt\W + 2jVi{n, E)) dr 

Jo 

= Vo{ni,no) + Vi{no,Eo) + 2-f [ ^{g,E)dT, (1.11) 

Jo 

where Vo{nt,n) is given by 

Voint,n) = i [\\ntf_, + \\nf + h^n\\l] - {f,n)., (1.12) 

and 

Fi(n, E) = \\E\\l + h^\\E\\l + (n, \Ef) + 2^{g, E). (1.13) 

(3) If in addition we assume that Eq G H4, then the corresponding weak solu- 
tion is semi-strong, i.e., 

{nt; n; Et, E) e C ([0, T]; H x H2 xH x Hi) . (1.14) 

This solution is Lipschitz on H* = H x H2 x H4 with respect to initial 
data, i.e., there exists a constant Ct,r > such that 

\\Y\t)-Y\t)\\n,<CT,R\\y^-y^\\n„ ie[0,T], (1.15) 

where Y^{t) = {n\{t)]n'^{t)]E^{t)) is the solution which corresponds to the 
initial data = {n\; n\y] Eq) e %* such that < R. Moreover, the 

following energy type relation 

eM{t)Mt)) + \\Et{t)r + f (a||nt(r)f + 2^\\E,{r)f) dr 

Jo 

= f/(ni,no) + pif + 2 / R{nt{T),n{T),E{T))dT 

Jo 

(1.16) 

holds for any t G [0,T], where £f{nt,n) is given by 

£fint,n) = i [\\ntf + WA'/^nf + h^Anf - 2{f,n)] , (1.17) 

the element Ei G H is defined by hq and Eg from (1-4). i.e. 

El = -i {AEq + h'^A'^Eo + noEo - i^Eo + g) , (1.18) 

and R{nt,n,E) = {nt,\^E\^)-\-^{nt,iEt + li>.E). 

In particular Theorem 1.2 allows us to define an evolution (semigroup) operator 
St by the formula 

StY = Y{t) = {nt{t);n{t);E{t)), Y = (m;no;^o), 
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where (n(t); E{t)) is a weak solution to problem (1.3) (1.5) with the initial data 
Y = {ni;no;Eo). This evolution operator generates dynamical systems {T-L,St) 
and (H^jSt) with the phase spaces H and "H*. Long-time dynamics of these 
systems is the main point of interest in this paper. 

We recall (see, e.g., [1, 4, 23]) that the global attractor of a dynamical system 
(X, St) in a Banach space X is defined as a bounded closed set 21 C X which is 
invariant {S{t)Ql = 21 for t > 0) and uniformly attracts all other bounded sets: 

lim sup{distj\:(St2/, 21) : y G B} = for any bounded set B in X. 

Our main results on asymptotic dynamics of the dynamical system generated 
by (1.3)-(1.5) are collected in the following assertion. 

Theorem 1.3 Assume that a, 7, /i > and {,f;g) G HxH. Then the dynamical 
system {H, St) generated by problem (1.3) - (1.5) has a compact global attractor 
21. This attractor possesses the following properties. 

(1) The fractal dimension dimf^2L of^ is finite. 

(2) 2t is a bounded set in H2 x H4 x H4. 

(3) 21 is also a global attractor for the system, (H^jSt), i.e., it uniformly at- 
tracts bounded sets from = H x H2 x H4 in the topology of . 

(4) For any trajectory U{t) = {nt{t);n{t); E{t)), —00 < t < +00, from the 
attractor we have that {n{t);E{t)) G C°°{R;H4 x Hi) and 

sup|||nW(i)||I+||E(-)(t)||2| <i?„, Vm = 0,l,2,..., (1.19) 

where n^"^^{t) and E^"^^{t) denote time derivatives of the order m. 

(5) Iff,g are C°° functions on H, then 2t C C°°(Sl) x C°°(n) x C°°(n) and 

supmax||Vin(™)(a;,t)| + \WiE'^"'\x,t)\ \ < Rmi, Vm, / = 0, 1, 2, . . . , 

for any trajectory U = {nt;n;E) from the attractor. 
We prove this theorem in Section 3. 

2 Proof of Theorem 1.2 

We use the compactness method and split the proof in several steps. 
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2.1 Related linecir problem 

We first present two preliminary assertions concerning related linear problems. 

Lemma 2.1 Let (ni;no) e H x H2 and F{t) G L2{0,T; H). Then there exists 
a unique weak solution n{t) to the linear problem 

ntt + iA + h^A'^)n + ant = F{t), t > 0, n(0) = no, nt(0) = m. (2.1) 

This solution possesses the property (n*; n) G C([0, T]; H x H2) and satisfies the 
following energy relation 



£o{nt{t),n{t))+a ||nt(r)||"(ir = £o(ni,no) + / (F(T),n((r))(ir (2.2) 
Jo Jo 

for every t e [0,T], where the energy £o{nt,n) is given by (1-17) with / = 0, 
i.e., 

£o{nt,n)^^[\\ntf + \\A^/^n\f + h^\\Anf] . (2.3) 

Moreover, in the case F{t) = equation (2.1) defines a Co-semigroup Tj in each 
space H„ x H2+a, f G M, by the formula 

Ttw = {nt{t)-,n{t)), w = {ni;no), 

where n{t) solves (2.1) with F = Q. This semigroup is exponentially stable in 
H„ X H2+a, i.e., there exist M,oj > such that 

\\TtW\\H^^H,^^ < Me-'^'\\w\\H^^H,+^, t>0, •iw&H^X H2+a- (2.4) 

Proof. The first part of the statement follows from the results given in [17, 
Chap. 3, Theorem 8.2]. As for the second part it follows from the standard 
calculations involving the Lyapunov function 

^(n,;n) = i [||n,||^ + \\n\\l^^ + h^ng^,] + e [{A'^n,n,) + ^\\n\\l 

with appropriate £ > 0, see, e.g., [23, Chapter 4]. □ 

Lemma 2.2 Let Eq e H2, G{t) G C{[0,T];H) with Gt e L2{0,T;H_2)- As- 
sume that a{t) e -^2(0, T; H2)r\C^{0, T; H-2)- Then the following Cauchy prob- 
lem for the non-autonom,ous Scrodinger equation 

iEt-{A-\-h'^A^)E-a{t)E + i-fE = G{t), t > 0, E{0) = Eq, (2.5) 

has a unique weak solution E{t) which belongs to C{0,T;H2) fl C^{0,T; H-2) 
and satisfies the following balance relations: 

\\E{t)f + 2^ r\\E{T)fdT=\\Eof + 2Q f\G{T),E{T))dT (2.6) 
Jo Jo 
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W{t) + 2j f W{T)dT = W{0) + » / {at{T)E{T) + 2G((t) + 27G(t), E{T))dT, 
Jo Jo 

(2.7) 

where 

W{t) = \\Emi + h^\\Eit)\\l + {a{t),\Eit)\') + 2^{G{t),E{t)). 

If in addition Eq G Hi, at G L2{0,T; H) and Gt G L2{0,T; H), then E(t) 
belongs to the space C{0,T; H4)r\C^{0,T;H) and the following balance relation 

\\Et{t)f + 2^ f\\Et{T)fdT=\\E,f + 2Q [\at{T)E{T) + Gt{T),Et{T))dT 
Jo Jo 

(2.8) 

holds with El = -i {{A + h'^A^)Ea + o,{{))Eo - ijEa + G(0)) . 

Proof. We apply the results from [17, Chap. 3, Sect. 10]. For this we consider 
the following sesquilinear form 



ait,u,v) = iAu,v) + H^iAu,Av)+ [ ait,.M.H.)d. 

Jn 

on H2. The form a{t, u, v) is bounded and coercive in the sense that there exist 
positive wi and i02 such that 

a{t,u,u) +a;i||u||^ > a;2||'u||2) ^ G ^2- 

It is also continuously differentiable with respect to t. Therefore, by [17, Theo- 
rem 10.1] problem (2.9) is has a unique weak solution which is weakly continuous 
in i?2. The relations in (2.6) and (2.7) follows by the standard argument with 
the help of the multipliers PnE and PNEt and the subsequent limit transition 
N ^ 00 (we refer to [17] and to similar calculations below in the case of the 
nonlinear model in (0.1)). The strong continuity of E{t) follows from weak 
continuity and from (2.7), see also Remark 10.2 in [17]. 

To prove the second part of Lemma 2.2 we note that the function E = Ef is 
a solution (in the sense of distributions) to the problem 

iEt-{A + h^A^)E-a{t)E + i^E = G{t) = atE + Gt, E\t=o = Ei, (2.9) 

where Ei = -i {AEq + h^A'^Eo + a{0)Eo - i-yEo + G(0)) . Since Ei gH and 
G{t) e L2{0,T;H), by [17, Theorem 11.1] problem (2.9) is uniquely solvable in 
the sense j3f distributions. ^ 

Let {E^} C H2 and {G^(t)} C C^{0,T;H) be sequences such that 



lim ■ 

N->-oo 



E^ -Ei\\+ £ \\G^{t) - G{t)fdt 1=0. 
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Consider the problem 

iE^ -{A + h^A^)E'' - a{t)E'' = C?^(t), E\t^o = -Ef • 
By the first part of the lemma this problem has a unique solution 

E^{t) e C{0,T;H2)nC\0,T;H-2) 
which satisfies the relations 

||^^(i)||' + 27 f \\E''{T)fdT=\\E^f + 2Q f{G''{T),E''{T))dT (2.10) 
Jo Jo 

and 

\\E^'{t)-E^^{t)\f < 11^ + 29 f\G^'-G^^,E^'-E^^)dT (2.11) 

Jo 

for any N, Ni and -/V2. By Gronwall's lemma from (2.11) we have that 
me^\\E^'{t)-E^^{t)\\^ ^0 as Ni,N2^oo. 

Thus there exists a function E*{t) e C{0,T:Tl) such that 
lim m&x\\E^(t) - E*(t)f =0. 

N^oo [0,T] 

By the uniqueness of solutions to problem (2.9) with a fixed G{t) we can conclude 
that E*{t) EE E(t). Thus Et{t) = E{t) G C(0,T;ff). Consequently using 
equation (2.5) we obtain the required regularity of E. 

Relation (2.8) follows after the limit transition in (2.10). □ 

2.2 Existence 

We start with the Galerkin approximations of the Zakharov problem: 

r n^t+A (n^ + Pn\E''\') + h^A^n'' + an^ = PnI, 

I iE^ - AE"" - h^A^E"" - Pjv(n^i;^) + nE^" = P^g. ^^"^^^ 

Here Pjy is the orthoprojector on Span{efe : A; = 1, 2, ... , A''}, where {efc} is the 
eigcnbasis of A. The functions and E^ have their values in P/viJ and PnH- 
To simplify notations we omit below the index N. We use the same standard 
multipliers as for the classical Zakharov system (see, e.g., [8] and the references 
therein) . 

Multiplying in H the second equation from (2.12) by E and taking the 
imaginary part we obtain that 

l^^\\Er+j\\Er = '^ig,E)<\\E 
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From this relation wc conclude that relation (1.9) holds for this approximate 
solution. Thus we have that 

\\E{t)\\<K{Eo,g,T) = K, t€[0,T]. (2.13) 

We multiply the first equation from (2.12) by A~^nt in H and obtain that 

jVo{nt,n) + {nt,\E\^)+a\\nt\ti=0, (2-14) 

where Vo(rt, rit) is given by (1.12). Now we multiply in H the second equation 
from (2.12) by 2Et + 2jE and take the real part of the result. One can see that 

|l/i(n, E) + 2^i\\E\\l + h^EWl) - {nt, {E]'') = *(*), (2.15) 

where Vi{n, E) is given by (1.13) and *(t) = -27 [(n, \E\'^) + ^{g, E)] . Taking 
the sum of (2.14) and (2.15), we get 

^V{n{t),m{t), E{t)) + 27 {\\E\\l + K'WEWl) + a\\nt\\\ = ^{t), (2.16) 
where V{n,nt,E) = VQ{nt,n) + Vi{n,E), i.e., 

V{n,m,E) = \ [\\nt\W + \\nf + ft2||n||?] - (/,n)_i 

+ \\E\\l + e\\E\\l + 2^{g,E) + {n,\E\^). 

Let 

V+{n, nu E) = \ + \\nf + ft2||n||?] + ||^||? + (2.17) 

Then there exists Oj, 6j > such that 

aQV+{n,nt,E)-ai{l+K^^) < V{n,nt,E) < hoV+{n,nt, E)+hi{l+K^^^) (2.18) 

for all a, 7 > 0, > 0, where K is given in (2.13). Indeed, by the embedding in 
(1.1) with p = 4 we have that 

|(n,|i?n|<q|n||||i?||i^(^)<C||n||||i;||l/,. 

Thus by interpolation using (2.13) we have that 

|(n, \Ef)\ < C\\n\\\\Ef'^\\E\\l" < CK'/''\\n\\\\E\\l/' 

<v{\\nr + \\E\\l)+Cr,K^° (2.19) 

for every 77 > 0. This and obvious estimates for the linear terms imply (2.18). 
By the same argument we also have that 

^{t)<CK{l+\\n{t)r + \\E{t)\\l). 
10 



Therefore using Gronwall's lemma we obtain from (2.16) the second a priori 

estimate: 

\\ntm-i + Mmi + wmwi < CK{T,f,g), t & m. (2.20) 

Now we improve the estimates for n and nt- Multiplying the first equation 
of (2.12) by nt yields 

~ iWntf + Ml + h^nWl - 2(/,n)) + (n*, -A\Ef) + a\\ntf = 0, (2.21) 

Since by (2.20) we have ||A|i;|2|| < C\\E\\^ < C for all t G [0,T], via Gronwall's 
lemma we obtain from (2.21) that 

\\ntf + \\n\\l<C{T,f,g), [0,r]. 

Thus the approximate solutions (n^; -E^) possesses the following a priori esti- 
mate 

\\<m? + wn^'ml + WE^'ml < c{T,f,9), t g [o,t]. 

This estimate allow us to make limit transition N ^ oo and prove the existence 
of weak solutions satisfying the relation 

\\nt{t)f + \\nml + \\E{t)\\l<C{T,R), t€[0,T], (2.22) 

for every initial data Yq = (m; no; Eq) g H such that < R- 

2.3 Uniqueness and the Lipschitz property in H 

Now we prove the uniqueness and the Lipshcitz property in (1.10). 

Let {n'^{t)] E^{t)), i = 1,2, be two weak solutions with different initial data 
Y' = (ni;no;-Bo) from the ball Br = {Y gH: \\Y\\-h < R}. By Definition 1.1 
we can assume that 

\\nl{t)f + \\n\t)\\l + \\E\t)\\l<M\ te[0,T], (2.23) 

for some M > (by (2.22) for the solution constructed in Section 2.2 the 
constant M is determined by R and T). The difference 

{n{ty,E{t)) = {n\t)-n\t)-,E\t)-E\t)) (2.24) 

solves equations 

ntt + {A + h'A^) n + ant = F{t) , (2.25) 
where F{t) = A(|£i(i)|2 - \E^{t)\^), and 

iEt -{A + h'^A^)E - n^{t)E + ijE = G{t), (2.26) 

where G(i) = {n\t) - n^t))E^t) = n{t)E^{t). 
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It is clear the F satisfies the hypotheses of Lemma 2.1 and by (2.23) 
\\F{t)\\<CM\\Em2, tG[0,T]. 
Thus Lemma 2.1 yields 

£o{ntit),n{t)) < £o{nt{0),n{0)) + CM f [\\E{t)\\1 + \\nt{T)f] dr. (2.27) 

Jo 

By the Sobolev embeddings (1.1) from (1.7) we have that G{t) € C{0,T;H). 
Moreover, from (1.6), we obtain that 

Gt = nt{t)E\t)+n{t)Ef{t) G L^{0,T;H_2). 

Using equation (1.4) from (2.23) we have that (t)||_2 < Cm and thus 

||G(i)|| < CM||n(t)|| and ||Gt(t)||_2 < CM(||nt(t)|| + ||n(t)||2). 

Therefore we can apply Lemma 2.2 with a{t) = n^{t) and G{t) = n{t)E^{t). 
One can see that the corresponding function W{t) admits the estimate 

aoWEiml CMmt)f - l\\n{t)f < W{t) < CM{\\Eml + \\n{t)f). 
Thus from (2.7) we have that 

aoimm < l\\nit)f + Cm [mt)f + \\Eml + ||n(0)f ] 

+ Cm f [\\nt{T)\\ + \\n{T)h + ||i?(r)||2] \\E{,T)hdT. 
Jo 

By (2.6) we have 

\\E{t)r<\\E{0)r + CM f \\n{r)h\\E{r)\\dr. 

Jo 

Therefore using (2.27) and Gronwall's type argument for the function 
$(f) = yointit),n{t)) + ao\\E{t)\\l 

we obtain (1.10) and also uniqueness of weak solutions. 

We also note that the continuity properties in (1.8) of weak solutions follow 
from Lemmas 2.1 and 2.2 applied to equations (1.3) and (1.4) with "frozen" 
nonlinearities. 

Remark 2.3 We note that the semiflow St is also weakly continuous on H, i.e., 
StUk — >■ SfU weakly in H for each t >0 when Uk ^ U weakly in ^ as fc — oo. 
Indeed, by (2.22) the function Uk{t) = StUk satisfies the relation 

max ||i7fc(t)||H < Ct, A; = 1,2... (2.28) 
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Thus there exists a subsequence {kj} such that Ukj{t) — > V{t) weakly in 
Loo{0,T;H) as j — oo, where V{t) = {nt;n;E) is a weak solution with initial 
data U. By the uniqueness V{t) does not depend on the subsequence {kj} and, 
moreover, V{t) = U{t) = SlU. Thus Uk{t) U{t) =i-wcakly in L^{0,T;n) as 
/c — >■ oo and by Aubin's embedding theorem (see [21, Corollary 4]) Uk{t) — ?• U{t) 
strongly in C{0,T;'H-a x Hi-a x H2-a) for every a > when fc — )• oo. This 
and (2.28) implies the conclusion. 

2.4 Energy balance relation 

Now we prove (l-ll)- 

Since n{t) is weak (variational) solution to the linear problem (2.1) with 

F{t) = -A{\E{t)\^)+f€C{0,T;H), 

using the multiplier A~^nt it is easy to find that 

Vo{ntit),n{t))+a /* ||A"'^V||'dT = yo(ni,no) - (\nt,\E\^)dT. (2.29) 
Jo Jo 

We also note that E{t) solves (2.5) with a{t) = n{t) and G{t) = g. One can 
see that these a and G satisfy the hypotheses of Lemma 2.2. Therefore (2.7) 
implies that 

Vi{n{t),E{t))+2^ [ Vi{n,E)dT 
Jo 

= Vi{no,Eo)+ [ {int,\E\^) + 2j?Siig,E))dT. (2.30) 
Jo 

Taking the sum of (2.29) and (2.30), we get (1.11). 

2.5 Semi-strong solutions 

To establish the third statement of Theorem 1.2 we apply the second part of 
Lemma 2.2 with a{t) = n{t) and G{t) = g. Under the condition Eq e Hi this 
lemma imply (1.14). 

To obtain (1.16) for semi-strong solutions we note that Lemma 2.1 yields that 
(nt;n) satisfies the energy relation (2.2) with F{t) = A\E(t)\'^ + f. Therefore 

£f{nt{t),n{t)) + a [ \\nt{T)fdT = Sf{ni,no)+f {A\E{t)\'' ,nt{T))dT, (2.31) 
Jo Jo 

where £f{nt,n) is given by (1.17). Relation (2.8) implies 

\\Et{t)f + 2^ f \\Et{T)fdT=\\Eif + 2^ f\nt{T)E{T),Et{T))dT, (2.32) 
Jo Jo 
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where Ei gH is given by (1.18). Since 

{A\E\\nt) = 2{nt, \VE\^) + 2^{ntE, AE), 

relation (1.16) follows from (2.31) and (2.32). 

To continue with properties of semi-strong solutions we note that directly 
from (1.4) wo have that 

\\iE,it)-iA + h'A^)Em < \\g\\+Cil+\\n{t)h)\\Em. (2.33) 

Hence one can see from (1.16) and (2.22) via Gronwall's type argument that 

\\nt{t)f + ||n(i)||i + \\E,it)f + \\E{t)\\l < Ct,«(1 + \\E4') (2.34) 

for t G [0,T] and for Yq = (ni; no; Eo) G V.^ such that ||yo||w < R- 

Now to prove the Lipschitz property in (1.15) we use the fact that the dif- 
ference (2.24) of two solutions satisfies (2.25) and (2.26). Applying Lemma 2.2 
to equation (2.26) from (2.8) we obtain 

^^\\E,f < C {\\nl\\\\Eh + \\nME% + WnhWEU) \\Et\\. 
By (2.34) applied to the both solutions {n'^;E^) this yields 

\\El{t) - E^{t)f < \\El{0) - E^{0)f + f \\El{r) - E'',{T)fdT 

Jo 

+ C f {\\E\t) - E^irm + Wnlir) - n?(r)f + ||n^(r) - n\r)\\l\\) dr, 
Jo 

where the constant C depends on R and T. Therefore using (1.10) we obtain 
the Lipschitz property in (1.15). 

3 Global attractor 

The main goal in this section is to prove Theorem 1.3 which states the existence 
of finite dimensional global attractor in the case when the dissipation parameters 
a and 7 are positive. 

According to the general theory of dissipative systems (see, e.g., [1, 4, 16, 23]) 
to prove the existence of a compact global attractor we need to establish dissi- 
pativity and asymptotic compactness of the corresponding dynamical system. 

We do this according to the following plan. We first establish several dissi- 
pativity properties of the systems generated by (1.3)-(1.5). Then in Section 3.2 
using the splitting method we prove that the system possesses a compact at- 
tracting set which is bounded in a partially smoother space H^. This implies 
the existence of a global attractor 2t. In Section 3.3 we consider the restriction 
of the system [71, St) on the space and prove that {'H^.^St) admits a sta- 
bilizability estimate (see Proposition 3.7). As in [6] and [7, Chapter 7,8] this 
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allows us to prove the existence of finite dimensional attractor 21* for ('H*,S'(). 
Then we show that 21 = 21*. By Proposition 3.6 concerning the attractor 21* 
this implies the statements 1-3 of Theorem 1.3. In Sections 3.4 and 3.5 using 
some ideas developed in [11] and [6] we establish the smoothness properties of 
the attractor. 



3.1 Dissipativity 

We first note that by Theorem 1.2 we have the following dissipativity property 
in the variable E: 



limsup[sup{||£;(i)|| : {ni;no; E) e B}] < j-'\\g\\ 

t—^oo 



(3.1) 



for any bounded set B inH. We use it to obtain dissipativity in H in two steps. 
We first prove the following assertion on dissipativity in H-i x Hi x H2- 

Lemma 3.1 Let Q!,7 > 0. Then there exists a constant Rq > such that 
limsup [sup {\\nt{t)f_i + \\n{t)\\l+\\E{t)g : (m; no; £;) € S}] < i?o (3.2) 

for any bounded set B inH. 

Proof. To prove (3.2) we consider the following Lyapunov type function 

W{nt,n,E) = V{nt,n,E) + e[{n,A-^nt) + ^WA-^^f] , 

where V{nt,n,E) = Vo{nt,n) + Vi{n,E) with VQ{nt,n) defined by (1.12) and 
Vi{n, E) by (1.13). The parameter e > will be chosen later. 

Let B be a bounded set in "H. By (3.1) there exists > such that 

\\E{t)\\<p=\+-i-^\\g\\ for all i> is. (3.3) 

Then it follows from (2.18) with K = p that 

yV{nun,E)>{ao-^\\A-^l'^ntf + aoV+{nt,n,E)-ai, t>tB, (3.4) 

for some > 0, where V+{nt, n, E) is given by (2.17). We also have that 

It 



{n,A-'rH) + -\\A-^'M[' 



= p-i/Vf - ||nf - h^nWl - (n, \E\^) + {f,A-'n) 
for almost alH > 0. Therefore, from (1.11) we have that 
d 



dt 



W{nt,n,E)+eW{nt,n,E) 



- (27 - e){\\E\\l + h^EWl) - 27(n, \E\') - 2(7 - sMg, E) 



'ntr-l{\\nr + h'\\n\\i) 



(n,A-in,) + |||A-V2nf 
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By (3.3) from (2.19) we obtain that 

\{n,m\<v{\\nr+\\E\\l) + Cr,{p), t>tB. 
Therefore, taking into account the relation 



2" " ~ Ai 2a 

and an obvious estimate for the Unear term {g,E), we get that 
d 



dt 



W{nt, n, E) + £W{nu n, E) < C{g, f, p) for t>tB, 



where £ > is small enough. Therefore for W(f) = W{nt{t),n{t),E{t)) we 
obtain the estimate 

W(t) < W{tB) exp {-e{t - Ib)} + Ce{g, f, p) for all t>tB. 

Consequently relation (3.2) follows from (3.4). □ 

Now we can establish dissipativity in "H. 

Lemma 3.2 Let 0,7 > 0. Then there exists a constant R> such that 

limsup[sup{\\ntit)f + \\n{t)\\l+\\E{t)\\l : {m; no; E) G B}] < R (3.5) 

for any bounded set B in TL, i.e., the system (Ti^St) is dissipative. 

Proof. To prove (3.5) we use the same type calculations as in the previous 
lemma and consider the following Lyapunov type function 

>V*(nt,n) =£o{nt,n) +e {n,nt) + 

where £o{nt, n) is given by (2.3). The parameter £ > will be chosen later. 
By Lemma 3.1 for every bounded set B m'H there exists > such that 

\\nt{t)\W + \\n{t)\\l + \\E{t)\\l<l + Ro for all t>tB. 

Therefore applying Lemma 2.1 to equation (2.1) with F{t) = /S.\E{t)\^ + / we 
get from (2.2) that 



C 



Ro 



for t > tB- 



In a similar way one can also see that 



d_ 
It 



I \ II ii2 

\n,nt) + -||n|| 



< ll^tl 



t>tB. 



Therefore choosing e small enough we obtain that 

^W»(nt,n) +e>V,(nt,n) < Ci{o for t > is- 
This and also Lemma 3.1 imply (3.5). 



□ 
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Now wc prove dissipativity of semi-strong solutions in their phase space = 
H X H2 X H4. Wc need this to prove the existence of an attractor in H*. 

Lemma 3.3 Let a,7 > 0. Then there exists a constant i?, > such that 

\imsnp [sup {\\nt{t)\\^ + \\n{t)\\l + \\E{t)\\l : {ni; nn, E) e B}] < (3.6) 

for any bounded set B in 7^*. Thus the dynamical system, ("H^,, St) generated by 
problem (1.3) and (1-4) is dissipative (in the topology of the space 

Proof. On the trajectories {nt;n; E) we consider the following function 

W{t) = W{nt;n;Et) = £f{nt,n) + \\Et\\^ + e [{n,nt) + |||nf ] , (3.7) 

where £f{nt,n) is given by (1-17). The parameter < £ < a/2 will be chosen 
later. It is clear that 

coWoit) - ci||/f < W{t) < C2Wo{t) + csWff (3.8) 

with some positive constants Cj, where 

Wo{t) ^ Soinun) + \\Etf = \ [||ntf + \\n\\l + ||n||^] + ||i;,f . 



a , 



{n,nt) + -\\nr = ||nt||^ - ||n||f - h'\\n\\i + (n, A|£;|^ + /), 



Since 

dt 

from (1.16) we obtain that 
^W{t) = -{a - e)\\ntf - e{\\n\\l + h^ng) - 2^\\Etf + Q,{nt; n; E) (3.9) 

for almost alH > 0, where 

Qe{nt; n; E) = 2{nt, |V£;|') + 2^{ntE, iEt + AE) + e{n, AlE]"" + /). 
By Lemma 3.2 there exists ts > such that 

\\nt{t)f + \Ht)f2 + \\mf2<-^ + R (3.10) 
for t > is. Therefore after simple calculations it is easy to see that 

\Q,{nt;n;E)\<C{R){l + \\Et\\)<^\\Etf + C{R), t>tB. 
Consequently from (3.8) and (3.9) we have that 

^W{t) < -ujW{t) + C, t> tB, 
at 

for some w > 0, which yields 

Wo(<) < ciH^(tB)e-'^(*-*«) + C2, t> tB, (3.11) 
with some positive constants q. It follows from (2.33) and (3.10) that 

\\E\U<h-^\\Et\\+Ci{R) ioi t>tB. 
Therefore (3.11) implies (3.6) and hence {T-Lt,,St) is dissipative. □ 
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3.2 Asymptotic compactness in H 

We recall the following definition (see, e.g., [16, 23] or [4]). 

Definition 3.4 A dynamical system (X, St) on a complete metric space X is 
said to be asymptotically compact if for any bounded set B from X there exists 
a compact set K in X such that sup {distx(S'tx, K) : x £ 5} — )• as t — >■ oo. 

The following assertion shows that {H, St) is asymptotically compact in T-L. 

Lemma 3.5 Let < ct < 1/2 and Ha = H„ x i?2+o- x H4,. There exist a ball 
£§„(R) = {\\U\\-H„ < R} in Her and a number S > such that 

sup{distn{StU,.^^{R)) : U e B} <CBe'^\ t > 0, (3.12) 

for any bounded set B cH. This means that ('H,St) is asymptotically compact 

system because is compactly embedded in %. 

Proof. By Lemma 3.2 we can assume that StU = {nt{t);n{t); E{t)) possesses 
the property (3.10) for allt>0 and U e B. 

We use the following version of the splitting method. We first split the 
E'-component as E{t) = E^{t) + E''{t), where E'^{t) solves the problem 

iEl - (A + h'^A^)E' - nE' + i'yE' = 0, E%^q = Eq, 

and E" is solution to 

iE^-{A + h'^A'^)E''-nE'' + i'YE'' = g, E%=o=0. (3.13) 

It follows from Lemma 2.2 that 

\\E^{t)f ^e-'-^'WEof, t>0. (3.14) 

and also 

jW^it) + 2jW%t) < \{nt{t), \E^{t)n\, (3.15) 

where W'{t) = \\E''{t)\\l + h'^\\E'{t)\\l + {n{t),\E'{t)\'^). Similar to (2.19) using 
(3.10) we have that 

\{nt,\E^\^)\<jh^Em + C^\\E^\^ and \{n,\E^n < Cf,\\E^\ 

Therefore (3.14) and (3.15) imply that 

\\E'it)\\l<C^e-^* forall t>0. (3.16) 

Now we consider (3.13). It follows from Lemma 2.2 and from (3.10) that 

^^\\Em\f + H\Emf<'2\{nt{t)E%t),Em)\<7m^^^ 

(3.17) 
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It follows from (3.10) and (3.16) that \\E%t)\\l = \\E{t) - E'{t)\\l < Cj^ for all 
t > 0. Thus we have from (3.17) that \\E^{t)\\^ < Cp^ for aU t > 0. Since 

\\iE^ -{A + /i2^2)^c|| < ii^^c _ -^^c ^ < 
we conclude that 

\\E%t)\\l<Cj^ forallt>0. (3.18) 

Now we switch on the n-component. Let Y{t) = {nt{t); n{t)) . Using the 
constant variation formula we have that 

Y{t)=P + K*=P+ fTt_r{m%r)\^;0)dr + {0;Aj;'f), t > s, (3.19) 
Jo 

where Ah = A + h^A"^, Tt is Co-semigroup generated by (2.1) with F = 0, and 

l'=Tt[Y{0) - (0;^-V)] + fTt_r{A[\E'{T)\^+2^E'{T)E%T)];0)dT. 

Jo 

Using (2.4) with cr = and also (3.10), (3.16) and (3.18) we have that 

WnH.H. < Cf,e-' + /V"(*-^) [\\E%r)\\l + \\E^ir)h\\E%r)h] dr 

Jo 

<C^e-^*, t>0, for some 5 > 0. (3.20) 

In a similar way, for cr < 1/2 we have A|£"=(t)|^ G ^(A'^) and thus by (3.18) 
we have that 

||/^*||h.xh.+. < M /*e-(*--)||i;^(r)||^rfr + C||/||_2+. < (3.21) 
Jo 

for all t>0. Let Bcr{g) = {w G Ha x H2+a ■ \\w\\H^xH2+a < e}- Then it follows 
from (3.19)-(3.21) that there exists ^ > large enough such that 

distHxH,(Y{t),BAg)) <Cj^e-'^\ t>0, (3.22) 

for some 77 > 0. In a similar way from (3.16) and (3.18) we have that there 
exists a ball i5(£>*) = {u G H4 : \\u\\4 < q^,} such that 

distj^^{E{t),D{g^))Cf^e~'f'^'^, t > 0. (3.23) 

Thus (3.12) follows from (3.22) and (3.23). The proof of Lemma 3.5 is complete. 
□ 

The existence of the compact global attractor 21 for {'H^St) now follows by 
the standard results (sec, e.g.. [23] or [4]) from Lemmas 3.2 and 3.5. Moreover 
by (3.12) 21 is a bounded set in the space 'Her = H„ x H^+a x H4, for every 
0<fT<l/2, in particular 21 is bounded in 'H*. 

To prove other statements in Theorem 1.3 we first consider long-time dy- 
namics of semi-strong solutions. 
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3.3 Semi-strong attractor 



In this section wc prove in Proposition 3.6 the existence of a global attractor 
2t* of the evolution semigroup St in the space Ht, = H x H2 x H4. Then we 
show that 21* coincides with the attractor 21. This allows us to establish the 
statements 1-3 in Theorem 1.3. Proposition 3.6 provides also some steps in the 
proof of smoothness properties of the attractor 21. 

Proposition 3.6 Assume that a,j > Q and {f;g) ^ H x H. Then the dy- 
namical system {T-L^^^St) generated by (l.S)-(1.5) in the space possesses a 
compact global attractor 21* . Moreover: 

(1) This attractor 21* has finite fractal dimension. 

(2) 21* is a bounded set in H2 x H4 x H4 and for any trajectory 

U{t) ^ {ntit);n{t);E{t)), - 00 < t < +00, 

from the attractor we have that 

{ntt;nt;n) e C{R;Hx H2 x H4), {Et;E) e C^{m.-Hx Hi) 

and there exists R> (independent ofU) such that 

sup{||n„(t)||2 + ||n*(i)||^ + \\n{t)\\l + \\Eu{t)f + \\Etml] < R- (3-24) 
teM 



To prove this proposition wc use recently developed approach based on sta- 
bilizability estimates (see, e.g., [6] and [7, Chap. 7, 8]). 

Proposition 3.7 (Stabilizatility estimate) Let {n^{t); E^{t)), i = 1,2, be 
two semi-strong solutions with different initial data — {ni;no;Eo) such that 



n 



for some R> 0. Then the difference 

U{t) = {nt{t)Mt);m) = {{n\{t)-nl{tyy{t)-n\t);E\t)-E\t)) 
satisfies the relation 



\El 



\E' 



< R, i > 0, 



\\U{t)rH,<CRe-*\\Um\l,+CR 



where Cr and k are positive constants. 



\m)r+ f e-'^'-^Hmfdr 

Jo 



(3.25) 



Proof. Since n{t) solves (2.25), using the energy relation in Lemma 2.1 we 
have that there exist ^, 77 > such that the function 



\l + h^\\nf^ +5 (n,nt) + ^| 
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satisfies relations ao [||nt|P + WnWl] < W{t) < ai [||nt||^ + ||n||2] and 
jW{t) + vW{t) < -a2 [\\ntf + \\n\\l] + e\\E\\l + CnjEf 

for any e > 0, where Oj > are constants. Since E solves (2.26), we have from 
(2.8) that 

^JE,{t)f+^\\E,{t)f<C\\nlE + ntE' + nEU' 

<e\\E\\'i + CRjEf + CR[\\ntf + \\n\\l]. 

Let W^{t) = W{t) + iJ,\\Et{t)\\'^ . Choosing /x > small enough we obtain that 

^W,{t) + coW,{t) < e\\E{t)\\l + Cn,e\\mf, (3-26) 
where cq = minjr;, 7}. One can see from (2.26) that 

\\iEt-{A + h^A^)E\\ = \\i^E-n'E-nE^\\<CRi\\E\\ + \\n\\). 

Thus 

Ili^lU < h-'\\(A + h^A')E\\ < h--'\\E,\\+CRi\\E\\ + \\n\\). 
Therefore the estimate in (3.25) follows from (3.26). □ 

Now we can apply Ceron-Copes type criteria (see [6, Corollary 2.7]) and also 
the dissipativity stated in Lemma 3.3 to guarantee the existence of a global 
compact attractor 21, in 

To prove finiteness of fractal dimension of 21, we use the method based on 
the idea of short trajectories due to J.Malek and J.Necas (see [18] and also [19] 
and [5]) and stabilizability estimates. 

For some T > 1 which we specify later wc consider the space 

Wt = {Eg L2{Q,T-Hi) : Et e L2{0,T-H)} 

with the norm 

Hk= r \\\Et{t)r+\\m\u\dt. 

Jo 

Let Wt = H*x Wt with the norm |(y;G)|^^ = + We denote 

by 21t the set in Wt of the form 

2lr = {W^ = (F; E{-)) : Y = (m; no; ^0) G 21*}, 

where {n;E) is a solutions on the interval [0,T] with initial data (ni;no;£^o) 
from the attractor 21*. It is clear that 2tT is a closed bounded set in Wt- On 
21t we define the shift operator V by the formula 

y : 21t ^ 2tT, V{Y, E) = {StY; E{T + t), t€ [0, T]). 



21 



It is clear that 21t is strictly invariant with respect to V, i.e. V^t = 21t- 
In further calculations we use the same idea as in [5], see also [6, 7]. 
It follows from the Lipschitz estimate in (1.15) that 

\VUi - VU2\wt < Ct\Ui - C/2|w^, Uu U2 e ar. 
From Proposition 3.7 we also have that 

\VUi - y[/2|^, < qrlUi - U2\'^^ + Ct [nUUi - U2) + n^VUi - VU2)] 

(3.27) 

for every U\,U2 G 21t, where = Ce~'^^ and the seminorm riTiU) has the 
form 

n^(C/) =^niax II £;(t)f for U = {Y ^Wt- 

One can see that this seminorm is compact on Wt- Therefore we can choose 
T > 1 such that < 1 in (3.27) and apply Theorem 2.15[6] to conclude that 2tT 
has a finite fractal dimension in Wt- This implies the finiteness of the fractal 
dimension of 21* in 'H* . 

Now we prove the smoothness result in (3.24) using the same method as [6] 
and [7, Chapter 7,8]. For this we apply stabilizability estimate (3.25) to the 
trajectory U(t) and to its shift Us = {U{5 + t) : t € R} with starting time s 
instead of 0. Since \\E(t + S) - E{t)\\ < CrS"^ for every t €R,we have that 

\\U{t + S)- U{t)\\l^ < Cfie— \\Uis + 6)- U{s)f^^ + Cr5\ 

for all s < t. Therefore after the limit transition s —00 we obtain 

J_ [\\nt{t + S)- ntit)f + \\\nit + S)- n(i)||i + \\\E{t + S) - Eit)\\l] < Cr 

for every i S M. In the limit (5 — > this gives the conclusion in (3.24) and 
completes the proof of Proposition 3.6. 

Proof of Theorem 1.3(1-3): It is clear that the attractor 21* is included in 
the attractor 2t for the system {H,St). Since 21 is an strictly invariant bounded 
set in H*, we also have that 21 C 21* and thus 2t = 21*. Therefore the statements 
(l)-(3) in Theorem 1.3 follows from Proposition 3.6. 

Thus it remains to establish time and spatial smoothness stated in Theo- 
rem 1.3(4,5). 

3.4 Smoothness in time Vciriable 

To prove Theorem 1.3(4) it is convenient to apply the induction method in the 
form presented in the following assertion. 

Proposition 3.8 Let U{t) = {nt{t); n{t); E{t)) , t gR, be a trajectory from the 
attractor 2t. Then 

{ntt; nt; n; Eu; Et) G C^-^{^; H x H2X HiXH XH4) fork = 1,2,... (3.28) 
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and there exists a non- decreasing sequence {Rk} such that 

||n('=+i)(t)f + ||nW(i)||^ + ||n('=-i)(0||l 

+ \\E^''+'\t)f + \\E^''\t)\\l + \\E^''-'\t)\\l < Rk (3.29) 

for alltGR and for every k = 1,2, . . ., where n^'^\t) and E^'^\t) denote time 
derivatives of the order m. 

Proof. We use the induction in k. By Proposition 3.6 the statement of 
Proposition 3.8 is vahd for k = 1. Assume that (3.28) and (3.29) hold for 
alll < k < m — \ with m > 2. As in [7, Theorem 9.5.5] we use the idea of 
higher order stabilizabiUty estimates inspired by the approach presented in [11]. 
Let n{t) = n^'^-^^t) and E{t) = E'^"'-'^\t). By the induction hypothesis 

(nt; n; Er, E) e C(M; H x H2 xH XH4,) 

and the following equations 

ntt +{A + h^A^) n + ant = F"'-\E;t), (3.30) 
iEt -{A + h'^A^)E - n{t)E + i'yE = G""-^(n, E; t), (3.31) 

are satisfied, where 



F'^-^iE-t) = ^Y1 <^m-i^ E(^\t)E<^"'-^-i){t) (3.32) 
i=o 

(the bar over means the complex conjugations) and 

m — 1 

(n, E;t)=Y^ Cl^-in'^^^ (i)^;^™-^-^') {t). (3.33) 
Here denotes the binomial coefficients. 

Lemma 3.9 Let (3.28) and (3.29) be valid for all 1 < fc < m-1 with m > 2 for 
two trajectories Ui{t) = {nit{t);ni{t);Ei{t)), t G R, i = 1,2, from the attractor. 
Letn#{t) = ni{t) — n2{t) andEt,{t) = Ei{t)—E2{t). Then there exists a constant 
L = L{m, 21) such that 

m— 1 

\\F^-\E,;t) - F"^-\E2;t)\\ < \\Ei'\t)\\2 

j=o 



m—1 

J2\\ni'\t)\\ + j2\\Ei'\m + \\E. 



and 

w^-\t)\\ + wr\m < L 

where '^"'-^{t) = G"'-^{ni,Ei;t) - G"'-^{n2,E2;t). 
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Proof. This is direct calculation based on (3.29) for k < m — 1 and on the 

Sobolcv cmbcddings stated in (1.1). □ 

To continue with the proof of Proposition 3.8 we introduce the variables: 

E{t) = Ei{t) - E2{t) = Ei'^-^\t) and n{t) = ni{t) - Mt) = ni'^~^\t) . 
Since E solves the equation 

iEt - iA + h'^A'^)E-ni(t)E + ijE = n4t)E2{t)+<^"'-\t), (3.34) 
by Lemma 2.2 we have that 

^\\Etf + 2'y\\Etf = 2^nuE + n.tE2+n,E2t+ifr~\Et) 



dt 



< ^\\Etf + C \\\n'r\t)f + Q„,{n,,E,;t) 



where 



m— 1 



Thus 



dt 



ll^tf +7ll^tf <C \\n'r\t)f + Qm{n,,E,;t) 



(3.35) 



From equation (3.30) we see that n solves equation 

ntt +{A + h'A^) n + ant = F'^-\Ev,t) - F'^-\Ev,t). 
Thus by Lemma 2.1 we obtain that the function 

W^{t) = W^{n„n) = \ [||n,f + ||n||? + h^\nf^ + <5 [(n,n*) + |||nf ' 

with appropriate r/, 5 > satisfies 
d 



dt 



Wo{t) + r,Wo{t) < -aoWntW + C\\F"'-\Ei;t) - F"'-\E2;^ 



< 



m-2 

-ao\\n^r\t)f+J2 \\Ei'\t)\\l+e\\E{t)\\l + Cs\\Ei"'-'\t)f (3.36) 



for any £ > 0. It follows from (3.34) that 

ll^lll < C hE,f + \\Ef + ||n.(t)||i + W^'-'m' 



< c 



\\Etf + Qmin,,E,;t) 
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Therefore from (3.35) and (3.36) with appropriate u > and > we obtain 
d 



dt 



[Woit) + u\\Etf 

where 



Wo{t) + y\\Etr <CQm{n„E,-t), 



m-2 



j=0 



< c 



m-2 



i=o 

This impUes the following stabilizability estimate 



(3.37) 



\\n^:^\t)f + \\n^r-'\t)\\l + \\Ei"^\t)f 

+ C e-'*(*-^)Q„(n„£«;T)dT 

for every t > s. Let now Ui{t) = U{t) = (nt{t); n{t); E{t)) and U2{t) = U{t + S) 
for some 5. In this case 



(r) = - J^^^ n(^+^) {a)da and si'^^ (r) = - E^^+^^ {a)da. 



Therefore by the induction hypothesis we have from (3.37) that 

Q„(n*,i;*;T) < C<5^ Vr G K. 
Thus after the limit transition s — )• — oo we obtain 

+ ^) _ n(")(i)f + lln^""^^^ + .5) - n^'^-^\t)\\l 

+ \\E^^){t + 8)- E'^-^\t)f KCS"^, VteK, |(5|<1. 
In the limit (5^-0 this implies that 

||^(m+l)(^)||2 ^ ||„('»)(t)||2 + ||£;('"+l)(t)||2 < Vt e M. 

From the corresponding equations for n^™-~^\t) and E^"^\t) we conclude that 
||n('"-i)(t)||l + ||i;(™)(t)||l < C for all t G K. Thus the proof of Proposition 3.8 
is complete. Hence the statement 4 in Theorem 1.3 is proved. □ 



3.5 Spatial regularity 

Now we prove the statement 5 in Theorem 1.3. It follows from the structure of 
F'^-'^{E;t) and G™-i(n,^;i) in (3.32) and (3.33) and from (1.19) that on the 
attractor we have 

F™-i(i;;i) G i^^(^^) and G'^-^{n,E-t) G H'^{^) for every m > 2. 
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Thus from (3.30) and (3.31) we conclude that 

A2n('"-i)(t) e H^{n) and A"^ E^'^-'^\t) e H^{n). 
Thus by elliptic regularity (see, e.g., [17]) we have that 

g ij6^^^ g^^^ ^('"-i)(t) G ij8(i7) for every m > 2, 
which implies that 

F"'-\E;t)eH^{^l) and G"'-\n, E;t) e H^{fl), m > 2. 
and so on. This completes the proof of Theorem 1.3. 
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